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Abstract

Analytic mean prime labeling of a graph is the labeling of the vertices with
{0,1,2---,p-1} and the edges with mean of the absolute difference of the
squares of the labels of the incident vertices if square difference is even or
mean of the absolute difference of the squares of the labels of the incident
vertices and one if square difference is odd. The greatest common incidence
number of a vertex (gcin) of degree greater than one is defined as the greatest

common divisor of the labels of the incident edges. If the gcin of each vertex
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1. Introduction

All graphs in this paper are simple, finite and undirected. The symbol V(G) and E(G) denotes the vertex set
and edge set of a graph G. The graph whose cardinality of the vertex set is called the order of G, denoted by p
and the cardinality of the edge set is called the size of the graph G, denoted by q [2]. A graph with p vertices
and g edges is called a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges [3]. Some basic notations and
definitions are taken from [2],[3] and [4] . Some basic concepts are taken from [1] and [2]. The analytic mean
labeling was defined by T Tharmaraj and P Sarasija in [5]. In this paper we proved that tortoise graph,
umbrella graph, fan graph, triangular belt, and some cycle related graphs admit analytic mean prime labeling.
Definition: 1.1 Let G be a graph with p vertices and g edges. The greatest common incidence number (gcin)
of a vertex of degree greater than or equal to 2, is the greatest common divisor (gcd) of the labels of the
incident edges.

2. Research Method

Definition 2.1 Let G = (V, E) be a graph with p vertices and g edges. Define a bijection

f:V(G) - {0,1,2,3,--,p-1} by f(v)) =i-1 , 1< i<p. Define a 1-1 mapping f;,.,; : E(G) — set of natural
numbers N by

fampr @) = M ,When f(u)? — f(v)? is even [5].

x V@ @ 2 _ £(1)? is odd
Jampr (uv) = . » When f(u)® — f(v)* is odd [5].
The induced function f,,,,, is said to be analytic mean prime labeling, if the gcin of each vertex of degree at
least 2, is 1.

Definition 2.2 A graph which admits analytic mean prime labeling is called analytic mean prime graph.
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Definition 2.3 Let vy,v,---,v, are the vertices of path P, (n is even).Let G be the graph obtained by joining
the vertices viand vpis (1 <i < "2;2 ) by edges. G is called tortoise graph.

Theorem 2.1 Tortoise graph admits analytic mean prime labeling, if n is even.

Proof: Let G be the graph and let v,v,,---,v, are the vertices of G

Here [V(G)| =n and [E(G)| = =2

2
Define a function f:V — {0,1,2,3,---,n-1 } by
f(v;) =i-1,i=1,2,---n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,,,, is defined as follows

Jampt (Vi Viy1) =1, i=12--n-1
Jampr (Vi Vp—it+1) = %, i= 1,2,“',112;2
Clearly g, isan injection.
gein of (v1) = ged of {fompr (V1 v2) s fampr (V1 1) }

=gcdof { 1, "2_2—"”}: 1.
gein of (viv) = ged of {fgmpr (Vi Vit1) s fampt (Vinn Vis2) }

=gcdof { i, i+1}

=1 i=1,2---n-2
gein of (vn) = ged of {f%*mpz (W1 V) » fampt (Vn—1 V) }

nc—2n+2

=gcd of {T' n-1}=1.

So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [
Definition 2.4 Let o be a sequence of n symbols of S. We will construct a graph by tiling n square blocks
side by side, with their position indicated by a. We will denote the resulting graph by TB(a ) and is called
triangular belt.
Theorem 2.2 Triangular belt admits analytic mean prime labeling.
Proof: Let G = TB(a ), where a = (11---1) be the graph and let v;,V,,---,V,, are the vertices of G
Here [V(G)| = 2n and |E(G)| = 4n-3.
Define a function f:V - {0,1,2,3,---,2n-1 } by

f(v) =i-1,i=1,2,--2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,,,,; is defined as follows

Jampt (Vi Vig1) =1, i=12--2n-1
fa};npl (vi v2n—i+1) = 2n2—2ni+i, i=12,--n-1
fa’;npl (vi+1 v2n—i+1) = 2n2'2ni, i=12--n-1

Clearly f.p,,, isan injection.

gein of (v1) = ged of {fomp (V1 V2) , fampt (V1 V20) }

=gcd of { 1, 2n%-2n+1}= 1.
gcin of (Visy) =1, i=12,--2n-2
gcin of (vzn) = ged of {f(;mé)l (V1 V2n) s fampt (W2n-1 V2n) }

=gcd of { 2n“-2n+1, 2n-1}

=gcd of {n, 2n-1}=1.
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [
Theorem 2.3 Fan graph[4] admits analytic mean prime labeling, if n is odd.
Proof: Let G = F, and let vq,vy,---------------- ,\Vns1 are the vertices of G
Here [V(G)| = n+1 and |E(G)| =2n-1.
Define a function f:V - {0,1,2,3,---,n } by

f(v)=i-1,i=1,2,-—-n+1

Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,,,,,, is defined as follows

fampt (Vi Vi1) =1, i=12--n-1
* 2-@i-2)%+1 . 1
fampl (vn+1 in—l) = %, 1= 1'2'___,%
N _ n?—2i-1)? . n-1
fampl (vn+1 in) - 5 1= 1'2'“-’7

Clearly fgy,, isan injection.
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gCin of (Vl) = ng of {fafmpl (171 UZ) ' fajnpl (Ul vn+1) }
=ged of { 1, n22+1}= 1.
gcin of (Vis) =1, i=1,2,---n-1.
gein of (vo.1) = ged of {f%*mpz (1271 Vns1) s fampt (V2 Vnia) A1
n“+1 n“-1

=gcd of { S =1

So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [
Theorem 2.4 Let G be the graph obtained by duplicating an edge in cycle C,. G admits analytic mean prime
labeling, if n is even and (n-2) # 0(mod6).
Proof: Let G be the graph and let vy,v,,---, Vi1, are the vertices of G
Here [V(G)| =n+2 and |E(G)| = n+3.
Define a function f:V — {0,1,2,3,---,n+1 } by

f(v;) =i-1,i=1,2,--n+2
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,,,, is defined as follows

Jampt (Vi Vig1) =1 i=12--n+l
. 2_2n+2
f;zmpl (U1 vn) = %
. 242n-2
f;zmpl (vn+2 U3) == +2n
Clearly fg,,,; isan injection.
gein of (v1) = ged of {fompr (V1 v2) s fampr (V1 1) }
=1
gcin of (Vis) =1, i=1,2,---n.
gein of (Vo+2) = ged of {fmpt (Wnv1 Vns2) s fampt (Wnv2 v3) }
2 —
= gcd of { n+1, "Jri—"z}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [ |

Theorem 2.5 Let G be the graph obtained by duplicating an edge in cycle C, by a vertex. G admits analytic
mean prime labeling, if n is odd.
Proof: Let G be the graph and let vy,v,,---,V,+1 are the vertices of G
Here [V(G)| = n+1 and |[E(G)| = n+2.
Define a function f:V - {0,1,2,3,---,n } by
f(v) =i-1,i=1,2,--,n+1
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,,,,, is defined as follows

fa’;npl (vi vi+1) =1 i=12---n.
% n?-2n+1
fampl (171 vn) = ] 2 * .
* _n+1
fampl (vn+1 171) - 2+ '
Clearly f.y,, isan injection.
gcin of (vy) = ged of {fimpr (V1 V2) » fampt (V1 v) }
=1
gcin of (Vis) =1, i=12--n-1
gCin of (Vn+2) = ng of {fajnpl (vn+1 Un) ' fajnpl (Un+1 Ul) }
2
= ged of { n, nZ—H }
=1
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [

Theorem 2.6 Let G be the graph obtained by switching a vertex in cycle C,,. G admits analytic mean prime
labeling, if niseven and n > 4.
Proof: Let G be the graph and let vy,v,,---,v, are the vertices of G
Here [V(G)| =n and |E(G)| = 2n-5.
Define a function f:V — {0,1,2,3,---,n-1 } by
flv) =i-1,i=1,2,--n
Clearly f is a bijection.
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For the vertex labeling f, the induced edge labeling f;,,,, is defined as follows

fampt (Vi Vis1) = 2 i=12--n-2.
X _ n?-2n—4i®+4i . -2
fampl (UZL' vn) - % 1= 1121'"1717
N 2_2n—4i%42 . —4
Jampt (V2i41 Vn) = % 1= 1,2,---,717
Clearly fg,.,,; isan injection.
gcin of (Vis) =1, i=12,--n-3.
gCin of (Vﬂ) = ng of {fayimpl (UZ Un) ’ fa*mpl (vn U3) }
2_ 2_9,_
:ngOf{nzzn,n jn 2}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [

Theorem 2.7 Umbrella graph U(m,n) admits analytic mean prime labeling, if m is odd and n < m-2.
Proof: Let G = U(m,n) and let vi,V,,---,Vim+n are the vertices of G
Here [V(G)| = m+n and [E(G)| =2m+n-2.
Define a function f:V — {0,1,2,3,---m+n-1} by
f(v;) =i-1,i=1,2,--m+n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling £, is defined as follows

fa*mpl Vi Vit1) =1, , . i=12,--m+n-1

« _ —(2i-2)%+1 - +1
fampl (vm+1 v2i—1) = %, 1= 1y21“';mT

. 2_(2i-1)? . -1
fampt Wim+1 V20) =2 = (21 ) ) i= 1,2,---,mT
Clearly fg,,,; isan injection.
gein of (v1) = ged of {fomp (V1 v2) s fampr (V1 Vi) 3

2
=gcd of { 1, m2+1}: 1.

gcin of (Vis) =1, i=1,2,---,m+n-2,
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling. [ |

References
[1] Apostol. Tom M, Introduction to Analytic Number Theory, Narosa, (1998).

[2] F Harary, Graph Theory, Addison-Wesley,Reading, Mass, (1972)
[3] Joseph A Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of Combinatorics(2016), #DS6,
pp 1—408.

[4] T K Mathew Varkey, Some Graph Theoretic Generations Associated with Graph Labeling., PhD Thesis,
University of Kerala 2000.

[5] T Thamaraj, P B Sarasija, Analytic Mean Graphs, International Journal of Mathematical Analysis, Vol. 8, No.12,
2014, pp 595-609.

102 I Vol. x Issue x, Month201x



